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Thermomechanical Analysis and Optimization
of Cryogenic Liquid Rocket Engines
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A coupled � nite element � uid–structure interaction analysis of regeneratively cooled rocket combustion cham-
bers, which allows the computation of the coolant � ow and the heat conduction between the coolant and the
combustion chamber structure, is presented. Furthermore, the resulting elasto–plastic deformation of the combus-
tion chamber under cyclic thermal and mechanical loading is analyzed. The developed solution strategy is applied
to the prediction of the heat transfer and thermomechanical load-induced deformation process of the European
rocket engine Vulcain. Based on the results, the failure mechanism of the combustion chamber and its governing
parameters are identi� ed. It is demonstrated that this mechanism signi� cantly reduces the lifetime of the rocket
engine. Besides the conceptual design by the engineer, a mathematical optimization procedure based on the � nite
element model of the combustion chamber is investigated. This optimization method allows the improvement of an
initial design with respect to a � nite number of design variables such that the stress, plastic strain, or temperature
levels are decreased, and accordingly, the lifetime will be increased.

Nomenclature
A = cooling channel cross section, m2

Bn = approximated inverse Hessian
c = speci� c heat, J/kgK
E = Young’s modulus, Pa
e = internal energy, m2/s2

et = total energy, m2/s2

f = objective function
g = constraint vector
gi = single constraint
H = hardening modulus, Pa
h = cooling channel high, m
I2 = second-order identity tensor
I4 = fourth-order identity tensor
i , j = arbitrary indices
m = normal vector yield surface
n = unit normal vector
P = penalty function
p = pressure, Pa
pp = penalty factor
Q = constraint objective function
q = heat � ux vector, W/m2

qi = normal heat � ux, W/m2

ri = inner chamber radius, m
re = outer chamber radius, m
Sn = search direction
s = vector of design variables
si = single design variable
T = tangent modulus, Pa
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t = chamber wall thickness, m
tc = coating thickness, m
u = displacementvector, m
Pu = velocity vector, m/s
x; y; z = coordinates
x = position vector, m
® = thermal expansion coef� cient, 1/K
® = tensor of hardening variables, Pa
®i = � lm coef� cient, W/m2K
®n = step length
¯ = design segment angle, deg
0i = boundary
° = cooling channel angle, deg
1 = difference
" = strain tensor
µ = total temperature, K
µi = bulk temperature, K
µr = reference temperature, K
3 = conductivity,W/mK
¸ = load factor
¹ = dynamic viscosity, Pa/s
º = Poisson ratio
½ = density, kg/m3

¾ = stress tensor, Pa
¾v = von Mises equivalent stress, Pa
¾Y = yield stress, Pa
¿ = viscous shear tensor, Pa
Äi = domain
r = gradient with respect to x
rs = derivative with respect to s
r sym = symmetric part of the gradient
r¢ = divergence with respect to x

Subscripts

c = cooling channel
cs = symmetry (cooling channel)
cu = copper
eff = effective value
global = global value
h = hot-gas side
local = local value
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max = maximal value
min = minimal value
n = iteration counter
ni = nickel
s = structure
ss = symmetry (structure)
t = turbulent
0 = initial
1 = inlet
2 = outlet
¤ = initial design

= lower bound

Superscripts

e = elastic
ep = elasto–plastic
p = plastic
µ = thermal

N = upper bound
¢ = time derivative

I. Introduction

T HE cryogenichydrogen/oxygen-poweredVulcainengine is the
main stage of the European Ariane 5 space transportationsys-

tem. Figure 1 shows the scheme of this regeneratively cooled gas
generator cycle engine. At the nominal operating point of 11 MPa,
the peak heat load in the throat area exceeds80 MW/m2. The regen-
erative cooling introducesan enormous temperaturegradient across
the combustion chamber walls yielding large heat � ux and thermal
strains.The resulting plastic deformationsof the wall material limit
the combustion chamber lifetime. Experimental investigations by
Quentmeyer1;2 have demonstrated that low-cycle fatigue and creep
are the main reasons for material failure. Figure 2 shows a combus-
tion chamber cross section emphasizing characteristicfeatures of a
regenerativelycooled combustion chamber such as cooling channel
geometry, failure location, chamber wall, and outer liner materials.

A. Motivation

The increasing requirements regarding the performance of cryo-
genic liquid rocket engines in combination with the need to reduce
continuouslytheoperationalcosthas ledto the ideaof reusablespace
transportation systems. Because all reusable systems are based on

Fig. 1 Schematic view of the regeneratively cooled combustion cham-
ber Vulcain.

Fig. 2 Throat of the combustion chamber: modeling, characteristic
failure, and optimization model (opt).

an increasedcombustionchamber life time, the current researchand
technologyactivities at DLR, German Aerospace Research Center,
Lampoldshausen aim at:

1) a detailed understandingof the failure mechanisms,
2) the developmentof a tool for the predictionof the combustion

chamber life, and
3) an optimized design of the combustion chamber.
Before these items can be realized, the general problem of heat

and mass transfer in a combustionchamber of a liquid rocket engine
has to be solved: the prediction of injection, atomization, mixing,
and combustion of the propellant, as well as the hot-gas � ow in
the combustion chamber, the heat transfer from the hot-gas side to
the wall, further into the structure, and into the coolant, and, � -
nally, the coolant � ow itself. The basis for a deeper understanding
of the failure mechanisms of current combustion chamber designs
are detailed experimental data, material, and failure laws, as well
as numerical simulations of the structural behavior (see Kuhl et al.3

and Kuhl4 ). The automaticdesignoptimizationrequires the solution
of the inverse thermomechanicalproblem. Therefore, optimization
methods will be applied to improve future developments of com-
bustion chambers.5 It is expected that the combinationof the design
tools and results yields an improvement of both coolant-side heat
transfer and the combustion chamber geometry and will increase
the lifetime of cryogenic liquid rocket engines.

B. Direct Thermomechanical Problem

The modeling and the simulationof the direct thermomechanical
problem is focused on the coolant � ow and the deformation of the
combustion chamber wall. The effect of the combustion chamber
� ow and heating on the hot-gas side is introduceddue to prescribed
boundary conditions,namely, the combustion chamber pressure ph

and the hot-gas-side heat � ux qh D ®h.µ ¡ µh/, obtained from ex-
periments by Fischer et al.6 The thermomechanical � uid–structure
model is subdividedin the coupled� uid � ow and thermal� eld prob-
lem and the thermomechanicalstructuralproblem,wherebytheparts
are connected by the heat transfer qc D ®c.µc ¡ µ/ and the pressure
pc at the shared boundary.For the sake of simplicity, the geometry
of the combustion chamber wall and the cooling channel is substi-
tuted by a representative geometry, given by a three-dimensional
straight cooling channel and thermal structural model and a plane
stress thermomechanical structural model as shown in Fig. 3.

C. Optimization

Based on the direct problem described earlier, the inverse prob-
lem can be solved. Within the framework of the inverse problem,
loads and material as well as manufacturing restrictions are given,
and the design of the combustion chamber should be generated in a
way to obtain an optimalbehaviorwith respect to a well-de� ned ob-
jective. The inverse problem is solved by methods of mathematical
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Fig. 3 Computational model of the combustion chamber.

programming,where the solutionof thedirectproblemis includedto
determine the objective and its sensitivitywith respect to the design
parameters. Practically, the application of optimization methods is
restricted to an additional optimization loop in the program code,
including, as core, the solution procedure of the direct problem.
Consequently, these methods may be applied simply to calculate
the optimal design of combustion chambers. Within this paper, the
used optimization method and the application to the combustion
chamber design are investigated by means of a simpli� ed linear
thermomechanicalmodel of the combustion chamber.

II. Governing Equations
The thermomechanicallycoupledboundary-valueproblem of the

interacting coolant � ow and the combustion chamber’s structure is
governedby the conservationlaws of mass, momentum, and energy,
as well as the related boundary conditions, whereby the conserva-
tion of mass is explicitlysatis� ed for the soliddomain.Five essential
simpli� cations (assumptions) are made to obtain a system of differ-
ential equations that can be solved robustly and effectivelyby � nite
element discretization techniques.

1) The system behavior is independent of time; a steady-state
formulation is suf� cient.

2) The � uid � ow is incompressible.
3) The dynamic viscosity ¹ and density ½ of the � uid are inde-

pendent of the temperature.
4) The isotropicconductivities3 of the � uid and the structureare

independentof the temperature.
5) The deformations of the structure are small; a geometrically

linear description is suf� cient.
The computational model of the combustion chamber, the solid

and � uid subdomains, and the boundariesfor the formulation of the
thermomechanical� uid–structure interactionproblem are shown in
Fig. 3. Based on assumptions 1–5, the thermomechanical system
of the combustion chamber is uniquely described by the velocity
� eld of the � uid Pu, the coupled temperature � eld of the � uid and the
structureµ , the displacement� eld of the structureu, and the internal
variables of the nonlinear material law ("p and ®).

A. Mechanical Fluid Field

If assumptions1–3 are considered, the Navier–Stokes equations,
explicitly the conservationof mass and momentum, circumstantiate
that the � elds of the velocityvector Pu.x; p/ and the pressure p.x; Pu/
are independentof the temperature� eld µ.x; Pu; p/ (for example, see
Hirsch7). The conservation of mass is given by the divergence-free
velocity � eld:

r ¢ Pu D 0 8 x 2 Äc (1)

If no external forces are applied, the equation of motion is given as
a function of the density ½ , the velocity vector Pu.x/, and the stress
tensor ¾.x; Pu/:

r ¢ .½ Pu ­ Pu ¡ ¾/ D 0 8 x 2 Äc (2)

The stress tensor¾ is de� ned by the constitutivelaw of a Newtonian
� uid in terms of the pressure p.x/, the isotropic dynamic viscosity
¹, and the viscous shear tensor ¿ .x; Pu/:

¿ D 2¹r sym Pu D ¹[r Pu C rT Pu]; ¾ D ¡pI2 C ¿ (3)

where I2 is the second-order identity tensor. When Eqs. (1) and
(3) are considered, the pressure can be determined for a prescribed
velocity � eld by the evolution of the divergence of Eq. (2):

r2 ¢ . Pu ­ Pu C pI2/ D 0 (4)

Dirichlet boundary conditions are given by the velocity at the inlet,
the nonslip condition at the cooling channel wall, the symmetry
conditions, and the pressure at the outlet:

Pu ¢ n D Pu1; Pu £ n D 0 8 x 2 01

Pu D 0 8 x 2 0c

Pu ¢ n D 0 8 x 2 0cs

p D p2 8 x 2 02 (5)

B. Thermal Fluid Field

If no heat sources are applied and assumption 1 is considered,
the conservation of energy is given in terms of the speci� c total
energy� ux by convection½ Puet .x; Pu; µ /, the energy� ux by diffusion
q.x; µ/, and the work performed by the internal stresses ¾ ¢ Pu:

r ¢ .½ Puet C q ¡ ¾ ¢ Pu/ D 0 8 x 2 Äc (6)

where the total energy et D Pu2=2 C e is given by the sum of the
kineticenergy Pu2.x/=2 and the internalenergy e.x; µ/. Furthermore,
the constitutive laws connect the temperature � eld to the heat � ux
by diffusionand the speci� c internalenergy to the temperature � eld,

q D ¡3rµ; e D cµ (7)

where 3 is the isotropic conductivity and c the speci� c heat coef� -
cient. Thermal boundary conditionsare given at the inlet and outlet,
the cooling channel wall, and the symmetry plane 0cs :

µ D µ1 8 x 2 01

µ D µs 8 x 2 0c

q ¢ n D 0 8 x 2 f0cs ; 02g (8)

C. Thermal Structural Field

When a stationary temperature � eld µ.x/ (assumption 1) is as-
sumed, the energy balance law connects the heat � ux q.x; µ / to the
internal dissipationDint.x; u; µ/ resulting from the plastic deforma-
tion (for example, see Zienkiewicz and Taylor8):

r ¢ q D Dint 8 x 2 fÄcu; Änig (9)

The Fourier law de� nes the heat � ow as function of the temperature
gradient,

q D ¡3rµ (10)

All boundaryconditionsof the thermal � eld are Neumannboundary
conditions,described by symmetry conditions,adiabaticconditions
at the environment surface, the experimentally evaluated � lm co-
ef� cient ®h at the hot-gas side, and the numerically evaluated � lm
coef� cient ®c at the coolant side with respect to the bulk tempera-
tures µh and µc:

q ¢ n D 0 8 x 2 f0ss; 0eg

q ¢ n D qh D ®h.µ ¡ µh/ 8 x 2 0h

q ¢ n D qc D ®c.µ ¡ µc/ 8 x 2 0c (11)
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D. Mechanical Structural Field

Considering assumptions 1 and 5, the deformation of the com-
bustion chamber’s structure is described by the displacement � eld
u.x; µ/, which is governed by the balance of momentum (for exam-
ple, see Zienkiewicz and Taylor8),

r ¢ ¾ D 0 8 x 2 fÄcu; Änig (12)

where ¾.x; µ; "; ®/ represents the Cauchy stress tensor given as
function of the temperature � eld, the Green strain tensor ".x; u/,
and the internal variables ®.x; u; µ /. The stress tensor is related
to this � eld variables by the constitutive law as brie� y described
in Sec. II.E. In accord with a geometrically linear description (as-
sumption 5), the strain tensor is de� ned by the symmetric part of
the displacement gradient,

" D r symu D 1
2 [ru C rT u] (13)

The associated boundary conditions are the symmetry conditions,
the pressure-freeenvironment, the hot-gas-sidepressure ph , and the
cooling channel pressure pc :

u ¢ n D 0 8 x 2 0ss

n ¢ ¾ ¢ n D 0 8 x 2 0e

n ¢ ¾ ¢ n D ph 8 x 2 0h

n ¢ ¾ ¢ n D pc 8 x 2 0c (14)

E. Nonlinear Material Law

The solution of the equation of motion (12) requires the cal-
culation of the stress tensor as a function of the total strains, the
temperature,and the internal variables.Therefore, a material model
has been chosen that can be characterized by the von Mises yield
function, associative small strain plasticity, and a linear kinematic
hardening rule. The basic theory, for example, described by Hill9

and Simo and Hughes,10 will be summarized and applied to the
calculation of the rocket combustion chamber.

As a basis for the de� nitionof thenonlinearmaterial behavior,the
in� nitesimal strain tensor " is decomposed in an elastic "e.x; u; µ/,
a thermal "µ .x; µ/, and a plastic part "p.x; u; µ/,

" D rsymu D "e C "µ C "p (15)

Thermal strains are determined by the thermal expansion coef� -
cient ® and the difference between the current temperature µ and
the reference temperature µr , which represents the temperature of
manufacturing,

"µ D ®.µ ¡ µr /I2 (16)

The stress tensor is described by the elastic stress strain relation

¾ D C : "e D C : ." ¡ "p ¡ "µ / (17)

and the constitutive tensor C.µ / given in terms of the temperature-
dependentYoung’s modulus E.µ/, thePoisson ratioº, and the forth-
order identity tensor I4 ,

C D
EºI2 ­I2

.1 ¡ 2º/.1 C º/
C

E

1 C º
I4 (18)

Plastic deformationsare characterizedby the von Mises yield func-
tion with a linear kinematic hardening rule:

f .¾; ®; µ/ D kdev¾ ¡ ®k ¡
p

2
3 ¾Y (19)

where ® is the second-order tensor of internal hardeningvariables,
¾Y .µ/ is the temperature-dependent yield stress, and dev¾ is the
deviator of the stress tensor. The � ow rule and the linear kinematic

hardening law for associativeplasticity are formulated in evolution
equations by means of the consistency parameter P° ,

P"p D @"p

@ t
D P°

dev¾ ¡ ®

kdev¾ ¡ ®k
D P° m (20)

where m is the normal vector of the yield surface de� ning the di-
rection of the plastic � ow. The evolutionof the kinematic hardening
variables is de� ned in terms of the kinematic hardening modulus
H .µ/, which is related to E.µ/ and the tangent modulus T .µ/,

P® D P° 2
3
Hm D P° 2

3 [ET =.E ¡ T /]m (21)

Furthermore, the Kuhn–Tucker loading/unloading conditions
P° ¸ 0; f · 0, and P° f D 0 and the consistency condition P° Pf D 0
have to be satis� ed. For plastic deformations, de� ned by P° > 0,
the consistency condition, the time derivative of the yield function
[Eq. (19)], and the consistency parameter can be determined:

P° D 3E=[3E C 2.1 C º/.H C ¾Y /]m: P" (22)

Application of Eqs. (17), (20), and (22) yields the relation between
the rates of the stress and strain tensors:

P¾ D C : . P" ¡ P"p ¡ P"µ / D C : .P" ¡ m P° / D Cep : P" (23)

where the continuumelasto–plastic tangentoperatorCep is identical
to C for P° D 0 and calculated by

Cep D C ¡ 3E2m ­m
3.1 C º/E C 2.1 C º/2.H C ¾Y /

(24)

otherwise. Finally, the internal dissipation Dint is given in terms of
the plastic strain work ¾: P"p and the work done by the hardening
variables ® and the derivative of the yield function @ f .¾; ®/=@®:

Dint D ¾ : P"p C ® :
@ f .¾; ®/

@®
P° D .¾ ¡ ®/ : P"p (25)

III. Solution Technique
The earlier described multiple � eld boundary-valueproblem will

be simulated by application of the present coupled � eld solution
strategy and the � nite element method.

A. Coupled Field Problem

To summarize the preceding sections, the coolant � ow, the heat
transfer, and the structural deformation are completely described
by differential equations coupled by � eld variables and boundary
values shown in Fig. 4. In the middle of this diagram, the differential
equations are shown. The left-hand side demonstrates the coupling
of these equations from the top to the bottom, whereas the right-
hand side shows the coupling in the opposite direction. As already
mentioned, the velocity � eld of the coolant � ow is independent of
the other � elds but in� uences the thermal � eld of the � uid, as well
as the displacement � eld of the structure. In contrast to this, the
other � elds are fully coupled. However, if a further assumption is
introduced, the solution process will be signi� cantly simpli� ed.

6) In comparison to the high thermal loading of the combustion
chamberstructureacrosstheboundaries,the in� uenceof the internal
dissipation Dint to the thermal � eld is negligible.
Assumption 6 leads to an only one-way-coupledthermomechanical
problem of the structure; see Fig. 4 for Dint ¼ 0. Finally, the ear-
lier explainedsimpli� cationsyield the followingsequentialsolution
strategy.

1) Solve the nonlinearsystem of differentialequations(1) and (2)
of the � uid for the velocity � eld Pu.x/.

2) Solve the coupled energy equations (6) and (9) of the � uid and
the solid domain for the temperature � eld µ.x; Pu/.

3) Solve nonlinearbalanceof momentum (12) of the structure for
the displacement � eld u.x; µ /.
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Fig. 4 Coupling of the thermomechanical � uid–structure problem.

Note that steps1 and 3 require only standarddiscretizationand non-
linearsolutionmethods,whereasthe executionof step 2 enforcesthe
coupled solution of the thermal � elds of the � uid and the structure.
This problem results in linear differential equations if the dynamic
viscosity ¹ and the conductivity 3 of the � uid are assumed to be
constant within the considered temperature range (assumptions 3
and 4).

The coupling of the thermal � elds µ.x/ 8 x 2 fÄc; Äcu; Änig can
be realized based on the equivalence of the energy balance of the
� uid and the structure [Eqs. (6) and (9)]. Consequently, the coupled
� eld problem can be solved by a pure � uid code introducing the
� eld condition

Pu D 0 8 x 2 fÄcu; Änig (26)

as proposed by Emery et al.11 Based on this statement, the thermal
� eld of the combustionchamber can be calculated in a single calcu-
lation.However,with respect to the following� niteelementsolution
techniqueof the structure,� rst the complete three-dimensionaltem-
perature distribution of the combustion chamber is calculated and
the heat � ux qh and the temperature µ 8 x 2 0c at the position of the
plane structuralanalysis are determined by a postprocessingproce-
dure, and second, they are used as thermal boundary condition to
the one-way coupled plane thermomechanical structural problem.
This step by step strategy is favored because it allows the combined
three- and two-dimensional model, as well as different adapted � -
nite element meshes, for the � uid and structural analyses of the
combustion chamber, see Fig. 6.

B. Modeling of Turbulence

Note that Secs. II.A and II.B constitute a complete description
of the � uid, which can be solved directly for laminar as well as for
turbulent � ows. Nevertheless, for the direct solution of turbulent
� ows, a very � ne discretization is required, which is not realizable
yet even on super computers for the complete cooling channel � ow.
To solve this kind of � ow with a � nite numberof elements, the effect
of the turbulent motion will be described by the averaging of the
turbulent quantities and the additional modeling of turbulence by
the k–" model (Launder and Spalding12 ). Herein, the state variables
Pu; p; and µ in Eqs. (2), (4), and (6) are averaged quantities, and the
dynamic viscosity ¹ in Eq. (3) and the conductivity 3 in Eq. (7)
have to be substituted by the related effective values ¹eff and 3eff

calculated as the sum of the molecular and turbulent quantities:

¹eff D ¹ C ¹t ; 3eff D 3 C 3t (27)

The turbulent diffusive transport coef� cients ¹t and 3t are cal-
culated based on the k–" model (For details see Woschnak and
Kuhl.13).

C. Discretization of the Fluid

The solution algorithm for the � uid � ow analysis applies a
Galerkin � nite element approach to transform the set of partial

differential equations into a system of algebraic equations for the
primary unknowns.For each degree of freedom, the transport equa-
tion can be formulated as a stationary problem. In this analysis,
the transport equations consist of an advective and a diffusive term.
For the discretizationof the advective term, the streamline up-wind
approach (for example, Rice and Schnipke14 ) has been used due
to stabilization requirements.For the discretizationof the diffusion
terms, the standard method of the weighted residual (for example,
Zienkiewicz and Taylor8 ) is applied.

The solution of the resulting algebraic equation system of the
� uid � ow uses an uncoupled approach. This means, that each � eld
variable is solved in a sequential way with intermediate values of
the other quantities from the previous global iteration. A segre-
gatedvelocity–pressuresolutionalgorithm,calledthe fractionalstep
method, is applied (compare Hirsch7).

D. Integration of the Material Law

The numerical solution of material evolution laws for the plastic
strain tensor "p and the internal variable tensor ® is realized as
proposed by Simo and Hughes.10 Therefore, the initial value of the
internal variable tensor has to be de� ned, and the evolution of the
internal variables (20) and (21) within the time is integrated by
the implicit backward Euler scheme.The calculationof the stresses,
strains, and the elasto–plastic tangent at the end of the time step is
realized by an operator split in a purely elastic step and a closest-
point projection of the trial state onto the yield surface.

E. Discretization of the Structure

The solution of the differential equations describing the thermal
and the mechanical � eld of the combustion chamber’s structure is
realizedby the � nite elementmethod.Because the mechanicalprob-
lem is nonlinear, the thermal and mechanical load is applied step-
wise, and the iterative Newton–Raphson solution strategy is used
in every load step. Because the mentioned methods are familiar
to the reader, we only refer to the related literature (for example,
Zienkiewicz and Taylor8 and Cris� eld15 ).

IV. Thermomechanical Analysis
of Rocket Engine Vulcain

To demonstrate the performance and ef� ciency of the proposed
solution strategy, it will be applied to the analysis of the cur-
rently employed liquid hydrogen/oxygen main engine Vulcain of
the European space transport system Ariane V. The geometry of the
cooling channel and the structural model are summarized in Fig. 5,
(also compare Fig. 3). To avoid the transfer of high-technological
knowledge of the producing industry, the given data set represents
only a qualitative model of the combustion chamber, published by
Fröhlich et al.,16 Fischer et al.,6 and Popp and Schmidt.17 The ma-
terial properties are summarized in Table 1.
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Table 1 Material properties of hydrogen, copper alloy, and nickel

Young’s Tangent Dynamic Thermal Speci� c
modulus modulus Yield stress Poisson’s viscosity Density expansion Conductivity heat

Modeling E , GPa T , MPa ¾Y , MPa ratio º ¹, N ¢ s/m2 ½ , kg/m3 ®, 1/K 3, W/mK c, J/kgK

Newtonian � uid Hydrogen —— —— —— —— 6.5173£ 10¡6 49.72 —— 0.10657 15125
von Mises Copper alloy 148–0.073 µ /K 602–0.690 µ /K 232–0.138 µ /K 0.3 —— (9130) 1.72£ 10¡5 310 (373)
Saint Venant– Nickel 193 —— 1 0.3 —— (8910) 1.22£ 10¡5 75 (444)

Kirchhoff

Fig. 5 Geometry of the combustion chamber model.

A. Fluid Flow Simulation

For the analysis of the velocity and temperature � elds of the
coolant � ow, the cooling channel and the structure are discretized
by three-dimensionaleight-node � nite elements (Figs. 5 and 6). In
the � rst part of the coolingchannel,an adiabatic� ow is assumed, the
length, 80 mm, of this part is chosen such that the velocity bound-
ary layer is fully developed. In the second part, the thermal � ow
between the coolant and the structure is considered. The position
of the reference plane, z D ¡85 mm, is chosen such that the ther-
mal boundary layer is not further changed. The � ow and boundary
conditions are given as follows:

µ1 D 60 K; u1 D 160 m/s; p2 D 14:5 MPa (28)

For detailed results of the � uid simulation, in particular, for the
evolution of the velocity and temperature � elds of the coolant, see
Woschnak and Kuhl.13

B. Thermal Field and Heat Transfer Analysis

If the boundary conditions at the hot-gas side of the thermal � uid
model

®h D 28 kW/m2 K; µh D 3538 K (29)

are applied, the thermal � eld of the � uid and structure can be
analyzed. Figure 7 shows the resulting circumferential distribu-
tion of the local wall temperature µ 8 x 2 0c and the wall heat
� ux qc 8 x 2 0c at the reference plane z D ¡85 mm. The result-
ing heat transfer by convection, described by the � lm coef� cient
®c D qc=.µ ¡ µc/ and the bulk temperature µc D µ1, is later used as a
boundary condition for the structural analysis. From earlier results
it can be interpreted that the local heat transfer is in� uenced by the
thickness of the boundary layer. The interference of the orthogonal
channel walls thickens the boundary layer, and, therefore, a lower
thermal gradient coupled with a decrease of the local heat transfer
can be observed.

C. Structural Deformation by Single Loading

For the nonlinear structural analysis, the full pressure and ther-
mal loads are applied in 1000 successiveload steps controlledby the
load factor ¸ 2 [0; 1]. Figure 6 shows the discretizationof the com-
bustion chamber structure by bilinear plane stress � nite elements
and the displacement � eld as the result of fully applied thermal
and mechanical loads. The deformed structure clearly shows the
shrinking as a result of the decreasing temperature of the nickel
jacket. The effect of the high pressure inside the combustion cham-
ber and the thermal strains related to the increaseof the temperature
of the combustion chamber wall are suppressed by the very stiff
jacket. The displacement � eld con� rms this observation.Neverthe-
less, the largest radial displacements are not on the hot-gas side but
in the region of the cooling channel’s corner. A detailed analysis
of the deformation process is necessary to understand the com-
plex structural response. Therefore, the evolution of the tangential
strain components is subdividedin thermal, elastic, and plastic parts
[Eq. (15)] and plotted at four characteristic positions as function
of the load factor ¸ 2 [0; 1] in Fig. 8. Also compare the position of
nodes1–4 and the strain � elds "e

x x C"
p
x x in Fig. 9. For all nodes,pos-

itive linear thermal strains representing the increasing temperature
within the domain Äcu caused by the increase of the load factor are
demonstrated. The elastic strains vary linearly until the yield stress
is reached. After the beginning of the plasti� cation, small linear
changes of the elastic strains related to the temperature-dependent
yield stress can be observed. As a result of the global shrinking
of the structure, negative tangential plastic strains are generated at
the four chosen nodes.A special effect of the combustionchamber’s
structurecan be observedby means of the plasticand total tangential
strains of the positions on the hot-gas-side boundary (nodes 1–3).
As expected,at nodes 1 and 2, high negativeplastic and total strains
occur. However, only small negative plastic strain components and
positive total strains can be identi� ed at nodes 3 and 4. The reason
for this unexpectedeffect is the high-pressuregradient between the
hot-gas side and the cooling channel (1p D pc ¡ ph > 0) leading
to bendinglikedeformation of the chamber wall and, consequently,
to the reductionof the compressivetangentialplastic strains close to
this nodes. The evolutionof the tangential strains within the succes-
sive loadingprocedure,as presented in Fig. 9 for the small region of
the combustionchamber wall, demonstrates clearly the in� uence of
the additionalcompressioneffects driven by shrinkageand bending
leading to higher compressive strains close to the cooling channel
and lower compressive strains in the neighborhood of the hot-gas
side. Note that the bending effect is negligible in a linear structural
analysis. Only the combination of the high-pressuredifference 1p
and the plastic � ow yields the observed signi� cant change of the
tangential strain component.

As a result of this structural behavior, the highest plastic strain
for single loading is obtainedat node 1. If classical lifetime analysis
is applied on the basis of a single loading analysis, the failure of
the structure occurs at the positionof the highest plastic strain. This
is in a sharp contrast to experimental observations presented by
Quentmeyer1;2 and PoppandSchmidt,17 whichdescribethe thinning
of the combustionchamberwall, the evolutionof a “dog house,”and
� nally the structuralfailureby a crack in the region of node3, which
is driven by fatigue (compare Fig. 2). Consequently, the analysis
of a single loading process is not suf� cient to predict the lifetime
of combustion chambers. To dissolve the seemingly contradictory
results of experimental and numerical investigations,the unloading
and the cyclic repetitionof the loading/unloadingprocess is studied.
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Fig. 6 Finite element discretization, deformation, and displacement � eld.

Fig. 7 Heat transfer at position z = ¡ 85 mm.

D. Structural Deformation by Cyclic Loading

The thermomechanical structural analysis is extended to cyclic
loading, where each cycle consists of the loading process similar
to the single loading analysis and the unloading process described
by a decreasing load factor ¸ 2 [1; 0]. Because the lifetime of the
combustion chamber is primarily restricted by the total value and
the range of local plastic strains, the interpretation of the mechan-
ical simulation is focused on the plastic strains. The evolution of
the tangential strain component at the four speci� ed nodes dur-
ing the � rst unloading process is shown in Fig. 8. Furthermore,
the distribution of "e

x x C "
p
x x during the � rst unloading is plotted in

Fig. 9.
The expansion of the global structure during the unloading as

consequence of vanishing thermal strains and mechanical bound-
ary conditions leads to elastic unloading and plastic deformation
in the opposite direction of the primary plastic deformation. At
nodes 3 and 4, the total changes of the plastic strains due to the
unloading process are larger compared to the change of the strains
related to the loading process. Consequently, the highest tension
strain is obtained at the middle of the chamber wall. The cyclic rep-
etition of the loading/unloadingprocess leads to increasingpositive
plastic strains within every loading cycle. Considering the stress–

strain relations given in Fig. 10 (see Fig. 9 for the position of nodes
1– 4), the failure mechanism observed by means of experiments
can be well understood. The initiation of a crack at node 3 and
its propagation to node 4 is associated with the increase of plastic
strains in the unloaded state within every load cycle. The increase
of "e

x x C "
p
x x at node 2 is smaller compared to the critical nodes.

In contrast to this, the evolution of the plastic strain component at
node 1 represents nearly a repetition of the � rst loading cycle. Con-
sequently,the cyclicbehavioris stable, and no damage occursat this
node.

E. Failure Phenomenon

As a consequence of the superposed effects of jacket shrinkage
and thermal expansionof the chamberwall, a largeplastic tangential
compression is obtained at the hot-gas-side wall. Furthermore, the
pressure difference 1p reduces the constrained deformation and,
consequently, the plastic strains in the middle of the chamber wall
during the loading process. Nevertheless, the global expansion of

Fig. 8 Evolution of the elastic, plastic, thermal, and total tangential
strain components "xx at selected nodes during loading und unloading.

the structure during the unloading process enforces large tangen-
tial strains leading, � nally, to an plastic tangential tensile loading.
Consequently, the cyclic repetition of this deformation leads to in-
creasing remaining plastic strains within every loading/unloading
process (Fig. 10). This causes the thinning of the chamber wall,
initiation of microcracks, their propagation, and � nally the dog
house at the middle of the chamber wall. If the mentioned failure
phenomenon is summarized, it can be stated that:

1) the combustion chamber failure is mainly controlled by the
temperaturedifference1µ D µh ¡ µe of the hot-gas-sidewall 0h and
the jacket 0e and
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Fig. 9 Evolution of the tangential strains "e
xx + "

p
xx for the � rst loading cycle.

2) the pressure difference 1p D pc ¡ ph is responsible for the
increase of the tensile plastic strains in the crack zone within every
load cycle.

F. Design Improvements

After the main structural failure mechanisms and their control-
ling parameters are indicated in the preceding section, some system
improvements reducing 1µ and 1p or avoiding the enforced com-
pressive strains of the combustion chamber wall can be proposed.
First, the temperature difference 1µ may be reduced signi� cantly
by the following design concepts.

The improvement of the heat transfer between the combustion
chamberwall and the coolantwill reducethe temperaturelevelof the
hot-gas-side wall and, consequently, the thermal and compressive
plastic strains.This may by realizedby increasing®c due to a higher
surface roughness or additional � ns (Fig. 11a), for example. Note
that, as consequence of this, a higher pressure loss in the cooling
channels, requiringa higher 1p, will be obtained. As demonstrated
by Kazaroff et al.18 and Jankovskyet al.,19 the heat transfer can also
be improved by using tubular combustion chambers.

1µ can be decreasedby increasing the temperature of the jacket.
This may be realizedby an externalheatingof the jacket using com-
bustion products of the gas generator (gas generator cycle). As a
disadvantageof this technique, the additionalheatingof the coolant
has to be mentioned. Alternatively, the jacket temperature can be
increased by application of a thermal barrier coating on selected
surfaces of the cooling channel (Fig. 11b). The thermal isolation of
regions with a low heat transfer (compare Fig. 7) yields a heatingof
the jacket by heat conduction. Because the heat transfer is slightly
reduced by this modi� cation, this concept requires additional con-
structive measures that increase ®c.

1µ can be also decreasedby decreasingthe temperatureµh of the
copper alloy.This can be realizeddue to a mechanicallysoft thermal
barrier coating at the hot-gas side (Fig. 11c). Note that this design
concept reduces the heat transfer signi� cantly. Consequently, it is
not suitable for the expander cycle.

Second, the negative in� uence of the pressure difference 1p to
the cyclic thermomechanical behavior of the combustion chamber
may be avoided by the following measures.

Control the cooling channel pressure during the shut down pro-
cess of the combustion chamber, such that it is adapted to the ther-
momechanical state of the material, which means that the pressure
difference should minimized in this situation.

Reduce the cooling channel pressure in critical regions by an
adaptionof the cooling channelscross section,which also increases
the heat transfer characterizedby ®c (Fig. 11f).

Reduce the necessary entrance cooling channel pressure by the
use of more manifolders for shorter cooling channels allowing an
unchanged injection pressure (Fig. 11g).

Third, the damaging impact of the temperature difference 1µ
can be reduced by changing the structural design of the combustion
chamber.

If the coupling of the deformations u of the hot-gas-side wall
and the nickel jacket is reduced, the compressive plastic strains of
the hot-gas-sidewall will be decreased.The mechanicaldecoupling
can be realized by the design concept of an elastic liner (Fig. 11d),
decouplinginnerand outerdeformationdue to the geometricdesign,
or by the low stiffness compressible material layer between the
copper alloy and the nickel jacket (Fig. 11e). The improvement of
the lifetime by a design permitting unrestrained thermal expansion
of the liner have been earlier investigated by Pavli et al. 20

V. Optimization
Previously summarized numerical studies demonstrate that the

principle failure phenomenonof combustionchambers can be qual-
itatively simulated and understood by the interpretation of the
numerical results. However, the direct simulation of the thermo-
mechanical deformation process is not suited to lead to an answer
of the following typical engineering question: Which design leads
to an improved or optimal thermomechanicalbehavior and, � nally,
maximizes the lifetime of the structureor optimizes any other prop-
erty of the combustion chamber? To answer this question, the in-
verse thermomechanical problem has to be solved. Such kinds of
problems are characterized by a given loading and the unknown
design, which minimizes a chosen objective function and satis� es
simultaneously several constraints. The inverse problem is classi-
cally solved by the engineer, who develops the structure, analyzes
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Fig. 10 Tangential stress–strain relation at selected nodes for cyclic
loading.

the structural behavior, checks constraints, and � nally changes the
design and repeats the procedure until the structure ful� lls all de-
mands and the objective criterion is improved.

A similar procedure is used within the mathematical design opti-
mization process (compare Fig. 12). The initial design of the struc-
ture is de� nedbya set of designvariablessn D s0 . The directsolution
is applied to check the constraintsg.sn/ and to determine the objec-
tive function f .sn/, which characterize the quality of the design. In
addition to the direct solution, a sensitivity analysis is carried out.
Finally, the sensitivityrs f .sn/ is used within the mathematicalpro-
gramming procedure in which the criterion of the optimal design is
checked and the design variables are modi� ed systematically.This
mentioned mathematical optimization cycle will be repeated until
the optimizationcriterion rs f .sn/ D 0 is satis� ed. In contrast to the
typical engineering optimization approach,which is based more or
less on an educated guess, every design change by mathematical
programming does guarantee an improvement of the design, and
the optimal construction can be found.

The optimization of the combustion chamber structure is orga-
nized as follows: First, the constrained optimization problem is

Fig. 11 Advanced design concepts increasing the lifetime of rocket
combustion chambers.

Fig. 12 Optimization strategy.

de� ned, which will, second, be transformed into the unconstrained
optimizationproblemby its penalty formulation,and, � nally,solved
by mathematical programming methods. For a detailed discussion
of optimization methods, refer to Luenberger21 and Haftka et al.22

A. Constrained Optimization Problem

A constrained optimization problem of the combustion chamber
is given by the vector of design parameters s of the combustor and
the de� nition of the objective function

f .s/ D min; s D [s1; s2; : : : ; sk]
T (30)

which shouldbe minimizedsuch that simultaneouslythe constraints

g.s/ ¸ 0; g D [g1; g2; : : : ; gl ]
T (31)

characterizing the feasible design domain are ful� lled. In general,
the objectiveis an arbitraryscalar-valuedfunctionof thedesignvari-
ables s that can be determinedthroughthedirectanalysisof the com-
bustion chamber discussed in Secs. II–IV. For example, this may be
the maximum plastic strain of the structureafter one or after a series
of direct calculated loading cycles, the predicted lifetime, the tem-
perature differenceof the chamber wall and the jacket, the pressure
loss in the cooling channel, or the increase of the coolants internal
energy due to heat exchange (expander cycle), to point out a few
possible objectives. The optimization problem is completed by the
de� nition of the constraints including the restrictions of the design
variables s; Ns characterizing,for example, boundsof manufacturing
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or process parameters and l ¡ 2k further constraints calculated by
the direct analysis of the problem:

g2i¡1.s/ D si ¡ s i ; i 2 f1; : : : ; kg

g2i .s/ D Nsi ¡ si ; i 2 f1; : : : ; kg

g j .s/; j 2 f2k C 1; : : : ; lg (32)

where g j may be the maximum wall temperature de� ned by the
melting temperature of the copper alloy and the minimal cross sec-
tion of all cooling channels that is necessary for the transport of the
fuel with an acceptable pressure loss, respectively.

B. Unconstrained Optimization Problem

When the exterior penalty function P.s/ de� ned by

P.s/ D Ng.s/ ¢ Ng.s/; Ngi .s/ D max[0; gi .s/] (33)

and the penalty factor pp are introduced, the constrained optimiza-
tion problem given by Eqs. (30) and (31) can be transformed to an
unconstrainedone by using the penalty method:

Q.s/ D f .s/ C pp P.s/ D min (34)

The Gâteaux derivativeof Q.s/ with respect to the design variables
yields the necessary condition of an optimal design:

@ Q.s/
@s

D rs Q.s/ D rs f .s/ C prs P.s/ D 0 (35)

The suf� cient condition for a minimum is that the second deriva-
tive of the unconstrainedobjective function with respect to the de-
sign variablesr2

s Q.s/ has to be positivede� nite. However, because
Eq. (35) determines only one vanishing tangential of the objective
function, rs Q.s/ D 0 characterizes only a local and not the global
optimum of a, in general, nonconvex objective Q.s/.

C. Optimization Algorithms

Numerical methods solving the nonlinear optimization problem
describedby Eq. (34) are based on the solutionof the necessarycon-
ditionof an optimum(35) by the multidimensionalTaylor expansion
of rs Q.s/ about a given design vector sn :

rs Q.sn C 1/ D rs Q.sn/ C r2
s Q.sn/.sn C 1 ¡ sn/ (36)

Because the Hessian r2
s Q.sn/ is invertible, the improved design

vector is calculated by

sn C 1 D sn ¡
£
r2

s Q.sn/
¤¡1rs Q.sn/ (37)

where sn C 1 ¡ sn is the Newton correction. Unfortunately, the
Hessian r2

s Q.sn/ is, in general, not known. Therefore, the inverse
Hessian [r2

s Q.sn/]¡1 is approximated by ®nBn ,

sn C 1 D sn ¡ ®nBnrs Q.sn/ D sn C ®nSn (38)

where Bn is generated by an evolution equation in every step of
the quasi-Newton iteration. Furthermore, the iterative change of
the vector of design variables is interpreted as the product of the
search direction Sn D ¡Bnrs Q.sn/ and the step length ®n . The ap-
proximated inverseHessian is calculatedby the conjugate direction
method by Polak and Ribiére.23 Furthermore, the iterative solution
of theoptimizationproblemrequirestheknowledgeof the sensitivity
rs Q and the step length ®n for every design set sn . These quanti-
ties are calculated numerically by the forward difference method
and line search procedure (see Luenberger,21 Haftka et al.,22 and
Kuhl et al.5), respectively.

VI. Optimization of Rocket Engine Vulcain
To demonstrate the idea and the problems concerning the ap-

plication of mathematical optimization techniques to the design of
rocket combustion chambers, the proposed method will be applied
to the analysisof the hydrogen/oxygen combustion chamber shown
in Fig. 13. To avoid further complexity of the description and cal-
culation, the computationalmodel of the combustion chamber wall
presented in the preceding sections will be signi� cantly simpli� ed
by the following assumptions:

1) The heat transfer coef� cients and the related bulk temperatures
describing the hot-gas side and cooling channel heat transfer are
given.

2) The heat transfer coef� cients are independent of the design
parameters and constant on the surfaces 0h and 0c .

3) The deformations of the material are purely elastic and de-
scribed by the Saint Venant–Kirchhoff material model (¾Y ! 1).

4) The shape of the cooling channel is slightly modi� ed to sim-
plify the description of the geometry and the meshing procedure.
Furthermore, the combustionchamber is constructedby monolythic
copper alloy.

Note that this model is not suited to handle the complex behavior
of thecombustionchamberbecausethecoolingchannelheattransfer
is crucially in� uenced by the geometry and the resultingstresses are
much higher than the yield stress. Nevertheless, this simple model
is used to introduce mathematical programming methods as design
tools for rocket combustion chambers and to study the propertiesof
these methods.

Material properties of the copper alloy and the thermal and
mechanical boundary conditions are given in Tables 2 and 3.
The design variables sT D [¯; °; t ; h; re; tc] with upper and lower
bounds are chosen as summarized in Fig. 13. Because the maximal

Table 2 Optimization model, input data material properties

Parameter Copper Ceramic

Young’s modulus E , GPa 148 12
Poisson’s ratio º 0.3 0.3
Thermal expansion ®, 10¡5=K 1.72 0.2
Conductivity ¸, W/mK 310 2
Temperature µ , K 293 293

Table 3 Optimization model, input data boundary conditions

Parameter Hot gas Coolant

Film coef� cient ®i , kW/m2K 32 100
Bulk temperature µi , K 3528 50
Pressure pi , MPa 10 14.2

Fig. 13 Optimization model (design set s¤ ).
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Fig. 14 Direct solution for design s ¤ .

scalar-valued equivalent von Mises stress ¾v D
p 2

3
kdev¾k within

the domain Ä should be optimized, the objective function is given
by

f .s/ D max
Ä

¾v.s/ (39)

where the local character of the objective ¾v is mentioned. As ad-
ditional constraints, the maximal wall temperature Nµ D 1000 K and
the minimal total cross section of all cooling channelsgiven by 80%
of the original cross section A.s¤/ are introduced:

g2k C 1.s/ D Nµ ¡max0h µ.s/; g2k C 2.s/ D A.s/¡0:8A.s¤/ (40)

A. Characterization of the Objective

Earlier optimization techniquesare applied, and the standard de-
sign given by the design vector s¤ will be analyzed. Furthermore,
the character of the chosen objective function and the optimiza-
tion problem will be studied by means of systematical studies per-
formed by the solution of direct thermomechanicalproblems using
different design sets. Figure 14 demonstrates the discretization by
four-node plane stress � nite elements and the distribution of the
temperature and the equivalent von Mises stress within the struc-
ture. As expected after the discussion of the direct problem, the
maximal equivalent stress is obtained in the region of the cham-
ber wall. The objective function f .s/ will be studied by means of
the parameter variation ¯ 2 [0:2; 2:2] and 1 ¡ ° =¯ 2 [0:1; 0:9].
The contour lines of the objective f .s/, the temperature constraint
Nµ ¡ max0h µ.s/ > 0 for Nµ D 1000 K (� ne hatched curve), the ge-
ometrical restrictions N̄ ¡ ¯ > 0 (coarse hatched horizontal line),
N° ¡ ° > 0 (vertical hatched line), and the standard design set s¤ are
plotted in Fig. 15. This representationof the objective characterize
the associated optimization problem as follows:

1) The objective function f .s/ is not convex.
2) One local and the global minimum can be identi� ed within the

design space.

B. Thermal Barrier Coating

The applicationof the presentedoptimizationstrategy to improve
the thickness of a thermal barrier coating is shown in Fig. 16. Be-
cause this problemis described by only one design parameter tc , the
constrained objective function f .tc/, the unconstrained objective
function Q.tc/ associated to different penalty factors pp , and the
iterative change of the design tc can be simply visualized. It is ob-
vious that this optimization problem is convex, and consequently,
it is easy to � nd the global optimum, pp D 0:01 and tc D 50 ¹m.
The good convergence to the optimal design is illustrated by the
evolution of the thickness tc vs the number of iterations n.

Fig. 15 Objective function f(¯; 1 ¡ °/¯) (GPa) and constraints.

Fig. 16 Optimization of thermal coating.

Fig. 17 Optimization f (¯ , 1 ¡ °/¯) = minimum.

C. Two-Dimensional Optimization

The comparison between the parametric study (Sec. VI.A) and
optimizationmethods is demonstratedby means of a two-parameter
optimization problem: Minimize f .¯; 1 ¡ ° =¯/, such that the con-
straint Nµ > max0h µ.s/ and the geometrical restrictionsare satis� ed.
The optimization paths for different initial design sets are plotted
in Fig. 17. The optimization of the standard design, s1

0 D s¤ , leads
directly to the solution of the inverse problem given by the global
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Fig. 18 Design variables, objective, and constraints.

optimum. On the other hand, the optimizationpaths 2 and 3, s2
0 and

s3
0, strictly reduce the parameter ¯ until the related penalty term is

activated. Then, the search direction changes signi� cantly, and � -
nally, the global optimum is obtained. Because one local optimum,
slocal , is expected on the basis of the parametric study documented
in Fig. 15, initial design sets near this minimum have been tested.
In one of these tests, the optimizationof initial design s4

0 results in a
local optimum far away from the globaloptimum. In general, the in-
vestigatedstudiesallow the statement that optimizationmethodsare
able to improve an initial design signi� cantly but do not guarantee
that the global minimum can be found for every initial design set.

D. Chamber Wall Design

The simultaneous optimization of the design parameters sT D
[¯; °; t ; h; re] comprises the inverse problem: Minimize f .s/, such
that the constrains Nµ > max0h µ.s/ and A.s/ > 0:8 A.s¤/ are satis-
� ed. The application of the present optimization method results in
the evolutionof the design variables, the objective function, and the
constraintsduring the iterative solutionprocess,as shown in Fig. 18.
Note that the maximal equivalent von Mises stress and the maxi-
mal wall temperatureof the optimal designare signi� cantly reduced
compared to the initial design, where the total cross section of the
coolingchannelsis approximatelyconstant.As expected,the evolu-
tion of the design variables recommend the increase of the number
of cooling channels (decrease ¯ ) and the decrease of the chamber
wall thickness t to improve the combustion chamber design.

VII. Conclusions
A solution strategy of the coupled thermomechanical � uid–

structure interactionboundary-valueproblem of rocket combustion
chambers has been developed. Within the framework of the pre-
sented method, the discretizationand solution of the � uid and solid
equations were realized by nonlinear � nite element methods. The
application to the combustion chamber Vulcain demonstrated the
abilityof thepresentedstrategyto compute thecoolingchannel� ow,
the heat transfer phenomenon, and the deformation process of the
structure.Finally, the failuremechanismof the combustionchamber
during cyclic thermal and mechanical loading was discussed, and
improved design concepts were proposed.

In addition to the solution strategy of the direct problem, a de-
sign concept for the geometry of a rocket combustion chamber
wall, based on mathematical programming techniques, has been
suggested and investigated. The practicability of the optimization
strategyhas been demonstratedin the contextof the sizingof a com-
bustion chamber cooling channel.However, it has also beenpointed

out that the � nal design may strongly depend on the chosen initial
design and being only a local minimum. In summary, optimization
methodsare well suited for the improvementof a good initial rocked
engine design, but are not able to substitute the engineer’s educa-
tion and knowledge, which are essential to interpret the numerical
results and to generate a appropriate initial design, respectively.
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